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Abstract
In this article we develop a temporal linear stability analysis of a circular electrified jet
flowing inside a cylindrical coaxial electrode. The problem of a high-velocity jet going in
a gaseous atmosphere is examined and we analyze the results in order to bring out the influence
of the electrification, the surface tension, the velocity and other parameters on the stability of
the jet. From this theory we finally state the changes in the breakup phenomena that are
expected to be observed when electrifying these jets. ( 1998 Elsevier Science B.V. All rights
reserved.
Keywords: Electrohydrodynamics; Liquid jets; Electrified jets; Hydrodynamic stability; Dispersion relation

1. Introduction
Usually, liquid jets appear in industrial processes where it is desired to increase
the surface/volume ratio of the liquid (combustion, chemical reactors, etc.) or to cover
a target with a liquid in droplets form (painting, pesticide applications, ink jets
printers, etc). The electrification of the jets has enabled a higher control of these
processes as the electric forces may change the stability of the jet or the trajectory of
the charged droplets created by the jet disintegration.
In nonelectrified jets, we can observe different regimes when increasing the jet
velocity (Rayleigh regime, wind regimes and atomization) [1]. Though these regimes
are quite different from each other, from all of them we can have a rough idea of the
breakup process of the liquid jet into droplets by means of a linear stability analysis
[2—8].
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The stability analysis is concerned with the development in space and time of
infinitesimal perturbations in a given basic flow. As a function of the kind of
perturbation imposed to the flow, two different problems, the spatial and the temporal
ones, have been usually considered.
The spatial problem considers that the perturbation is applied in a certain region
and it follows a given function in time. A special case of this problem is the signaling
problem where a perturbation is periodically forced at a specific location. The
development in Fourier series of this kind of perturbation gives components with real
values of frequencies u and their variation in space is obtained with the complex wave
numbers k(u)"k (u)#ik (u) deduced from the dispersion equation D(k, u)"0. The
r
*
temporal problem considers that the perturbation is applied to the flow in a certain
region of the space at time equal to zero. The development in Fourier series of this
kind of perturbation gives components with real values of the wave number k and
their variation in time is obtained with the complex frequencies u(k)"u (k)#iu (k),
r
i
roots of the dispersion equation. In general, both analyses give the same information
only when the conditions specified in Gaster’s theorem are verified [9]. Otherwise, in
most cases we cannot extrapolate results from one analysis to the other.
The spatial analysis has usually been used to describe the response or ‘‘receptivity of
the flow’’ to different excitation frequencies. The downstream development of the
perturbation is considered as a set of spatially growing waves of various frequencies.
With this analysis, we can specify which are the amplifying waves, that is to say those
whose amplitude increase from the source of perturbation, and which are the evanescent ones, those whose amplitude decrease. Among others, Melcher [10], Crowley
[11—13] and Atten [14—15], have undertaken this analysis in electrified jets with the
excitation frequency imposed by electric forces through coaxial electrodes.
A large part of previous research has also been devoted to the temporal theory, and
one of the first work has been carried out by Rayleigh [16]. Other researchers starting
from different hypotheses have studied the effect on the stability of the jet of a radial
electric field [17—23] of an axial electric field [24, 25] or both [26, 27].
The temporal analysis appears to be quite important as it enables to predict if the
flow is linearly stable (temporal growth rate positive) and to establish the interval of
frequencies of the waves susceptible of being amplified in a signaling problem. Also, if
there is no preferential excitation of the jet, the linear temporal stability appears to be
a good tool to give the first approach of the breakup phenomena of an electrified
liquid jet. For instance, the wavelength of the most unstable wave (the one with the
highest growth rate) can be associated with the mean droplet diameter produced by
the disintegration of the jet.
To our knowledge, most of the previous research has dealt with jets issuing from
a nozzle at the Rayleigh regime (low velocity). In this situation a hypothesis usually
accepted is that the effect of the surrounding atmosphere on the stability of the jet can
be neglected. At high velocities this hypothesis is very strong, as the breakup phenomenon differs from the Rayleigh regime mainly because of the interaction of the
liquid jet with the surrounding gas.
The stability analysis of high-velocity jets shows that the flow is unstable for
waves with short wavelengths compared to jet radius and for waves with a large

G. Artana et al./Journal of Electrostatics 43 (1998) 83–100

85

growth rate compared to the ones of Rayleigh regimes. Hence, from a mathematical
point of view some simplifications for long waves can no longer be valid for these
regimes and most of the salient features of capillary instabilities (Rayleigh regime) are
not preserved. Also, as the perturbation has a large growth rate the assumption of
a liquid jet with the surface at constant potential must be analyzed carefully because of
the rapid movement of the interface.
The effect of finite electrical conductivity on the instability of electrified jets has
been studied by different authors [27—29]. These works shed light on the problems of
low-velocity jets but it does not seem appropriate to extend their results to highvelocity jets.
In this work, we do not undertake this study and we limit ourselves to two simple ideal
situations, the surface of the jet being an equipotential and the surface of the jet moving so
rapidly that charge position on the jet surface is governed only by fluid motion.
As a summary, in this article we propose to undertake a linear temporal analysis of
an electrified liquid jet flowing at high velocity inside a cylindrical coaxial outer
electrode. We look for predictions in the two extreme electrical situations above cited
and from these theoretical results we propose to obtain some insight on the breakup
process of the jet.

2. Theoretical study
2.1. Problem description and assumptions
Let us consider a liquid jet flowing vertically downwards out from an injector and
into a gas at room pressure. Depending on the velocity of the liquid, one obtains
different kinds of jets. The one of interest here corresponds to the second wind regime
or to the regime of atomization, that is to say for very high velocity (about 100 m/s).
For these regimes the aspect of the jet looks like a pulverization shaped as a cone
composed of sparse droplets in most of its volume, except in the region of its
revolution axis where the density of the droplets is very high.
This jet flows through one coaxial cylindrical electrode brought to a certain
potential that we will consider positive. The potential of the electrode » is main0
tained constant and the injector is earthed (see Fig. 1). The analysis of stability is done
with an infinite jet inside an infinite electrode.

Fig. 1. Schema of the analyzed problem.
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We assume the two fluids to be incompressible and the motion to be irrotational.
We neglect the effects of gravity, magnetic fields, viscosity and mass transfer at the
interface. Liquid and gas are considered as isothermal and incompressible and their
electrical properties are those of an ohmic conductor for the liquid phase and of
a perfect dielectric for the gaseous phase, both having uniform conductivity and
dielectric constant. The electric charge on the jet is at the jet surface and there is no
free charge source in the bulk of the liquid or of the gaseous phase. The velocity profile
in a typical streamwise station is invariant with the axial co-ordinate.
2.2. The governing equations
To solve the problem we consider three regions: the regions of the liquid, gas and
the interface. We use Gibbs’s model [30] for the interface and we formulate the
conservation equations as Slattery [31] and Philippe [32].
2.2.1. Fluid mechanics equations
The mass conservation leads to
— each phase

$ · U "0
i
with U the velocity of the phase i"1 for the liquid and i"2 for the gas.
i
— at the interface

(1)

(2)
+ · U "0,
f f
where U is the velocity vector of the interface and + the surface divergence.
f
f
The motion being irrotational we can consider a potential function for the velocity
u and we obtain the Laplace equation *u "0.
i
i
As there is no mass transfer between phases
(U !U ) · n"0,
i
f

(3)

or
(U !U ) · n"0,
1
2
n being normal to the interface.
As for momentum conservation, it leads to
— in each phase:
oi

dU
i!+ ° Ti"0.
dt

(4)

(5)

oi and Ti are the mass density and Maxwell’s constraint tensor of the phase i and
d
L
" #U · +
i
dt Lt
is the material derivative.
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— at the interface
(6)
!+ ° (T )!(T !T ) ° n"0,
f
1
2
f
where T is the constraint tensor in this region.
f
The expression of the Maxwell constraint tensor is Ti"!p I#T%- , where p is the
*
i
i
static pressure and I the identity tensor [33]. The components of T%i , using Einstein’s
notation, are: (¹%- ) "e (E ) (E ) !(e /2)d (E ) (E ) , with e and (E ) the permittivi jk
i ik ij
i
kj i m i m
i
ij
ity and the electric field in the jth direction, of the phase i. The expression of the surface
constraint tensor is given by T "c (I!n ? n). According to [32]
f
i~j
+ ° T "c St Tn#grad c ,
f m
i~j n
f i~j
St T being the mean curvature and c the surface tension. As in our problem c is
n
i~j
i~j
constant, grad the surface gradient of this magnitude vanishes.
f
2.2.2. Electrical equations
We will use the Maxwell’s equations simplified with our assumptions. In the bulk
we can write [33]
(7)
+ · D "0
i
$]E "0,
(8)
i
here E and D are the electric field strength and the dielectric displacement.
i
i
By using an electrical potential function », we express E "!+ » that leads to
i
i
Laplace equation *»"0.
At the interface we will consider the continuity of the tangential electric field, Gauss
law at the surface and conservation of charge considering the rate of change of
a surface element are [34]
n]EE E"0,
i
E e E E · n"q ,
i i
f
dq
f#q (U · n) +n#+ J #n EJ E!(U · n) Eq E"0
f f
i
f
i
f f
dt

(9)
(10)
(11)

with q the surface charge, J the surface current density, J the volume current density,
f
f
i
q the volume charge density and we notice a jump in a magnitude from a phase to
i
another with the symbol E E.
2.3. The basic flow
The solution is expressed with the cylindrical coordinates r, h and z in a referential
R whose origin O is fixed to the center of the orifice of the injector moving with the
axial jet velocity º . The z-axis is perpendicular to the plane containing the orifice of
O
the injector whose radius is a, b being the radius of the electrode.
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2.3.1. The velocity field of the nonperturbed jet
The velocity profile taken for the nonperturbed jet is U (r, h, z)"0 and
1
U (r, h, z)"U "º (0, 0,!1), that is to say constant in all the liquid and in the gas.
2
0
0
Physically, the velocity passes from U to 0 within the interface whose thickness is
0
very small compared to a or b.
2.3.2. The electric field of the nonperturbed jet
In the nonperturbed case negative electrical charges are uniformly placed on the
surface of the jet which is consequently isopotential. In the liquid media this leads
immediately to » (r, h, z)"0 and E (r, h, z)"!+ » "0. In the gas, the resolution of
1
1
1
Poisson equation *» "0 with » (a, h, z)"0 and » (b, h, z)"» , gives
2
2
2
0
ln(r/a)
» (r, h, z)"»
.
2
0 ln(b/a)
The electric field is then
» i
E (r, h, z)"! 0 r .
2
ln(b/a) r
2.4. The linear stability analysis
In fact, this nonperturbed state is totally ideal as it never occurs because of the high
instability character of the flow and the many possible sources of perturbation like, for
instance, the roughness of the orifice of the injector which induces modifications on
the ideal velocity and potential.
We simulate the real phenomenon, by artificially perturbing the solution we have
just described. Hence, we perturb the interface between the liquid and the gas and we
determine the modifications induced on the velocity, the electrical potential and the
pressure. The perturbation, which is arbitrary, is decomposed into a Fourier series
and so can be considered as a set of small elementary waves propagating on the
surface of the jet. As we consider a linear analysis we will accept that there is no
interaction between the different modes (or waves) and so the analysis can be
undertaken for each individual mode [35]. The amplitude of some of them can
diminish and for others it can grow until it becomes large enough to give rise to
droplets. Therefore, the study of the creation of the droplets boil down to the one of
the stability of the jet submitted to a perturbation, whatever its origin.
Let us suppose that the flow is subjected to a modification at its interface. The
coordinates of each point at the interface OM "(a, h, z, t) become,
f
OM "(r (h, z, t), h, z) after modification. Where r "a#g, and g is the perturbation
f
s
s
that depends on the space variables and on time t. Because we analyze the initial
stages of growth or decay, we may analyze directly a single mode and g can be written
as
g"g exp[(ut#i(kz#nh))].
0
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At the interface, the normal n to the interface at any point is n"(1,!(in/a) g,!ikg)
and the mean curvature St T is
n
1
1 L2g L2g
St T"$ · n" !
!
.
n
r
r2 Lh2 Lz2
s
s
The perturbation of the interface leads to solutions for the velocity and for the
electric field which are different from the ones obtained in the nonperturbed case. The
governing equations of the fluid mechanics problem still are *u "0 and *» "0 and
i
i
we will have to solve them now with a moving interface (boundaries changing with
time). Since we confine ourselves to the linear stability analysis, we will neglect all the
terms proportional to g2 or to higher exponents.
2.5. The perturbed state
2.5.1. Velocity field
Using Slattery’s formulation [31] and considering that U (b, h, z)"0 and that the
2
velocity is finite ∀M, we arrive to
U "C + (I (kr)g) and U "U #C +
1
1 n
2
0
2

AA

BB

I (kr) K (kr)
n
# n
g
C
C
3
4

with
u
u!iº k
0 , C "I@ (ka) (1!j) and
C "
, C "
n
1 kI@ (ka)
2
3
k
n

C "K@ (ka) (1!1/j)
n
4

with
I@ (kb) K@ (ka)
n
j" n
.
K@ (kb) I@ (ka)
n
n
I and K are the modified Bessels functions of first and second kind, I@ and K@ being
n
n
n
n
their derivatives with respect to the variable r.
2.5.2. Electric field
The perturbed solution depends on the electrical state of the jet. Let us first remind
that we perturb a cylindrical column of liquid flowing through a cylindrical coaxial
electrode and that, in the nonperturbed state, the electrical charges are in electrical
equilibrium on the surface of the liquid. The electrical state of the jet after perturbation depends on the way the electrical charges can move when the surface is perturbed.
We consider two cases.
In the first one the electrical relaxation time of charges is small enough compared to
a certain characteristic time of the deformation (in our case, the period of the
perturbation). ‘‘Relexation is quicker than deformation’’. The jet remains isopotential
at any time.
In the second case, which is the opposite extreme of the first one, the charges are in
a way ‘‘linked’’ to the fluid particles and follow the dilatation and stretching of the

90

G. Artana et al./Journal of Electrostatics 43 (1998) 83–100

surface of the jet which consequently does not remain isopotential. This will be the
case of jet with charges on its surface supporting a perturbation with a large growth
rate (very high-velocity jet).
In what follows, we consider these two cases separately, it being understood that the
reality of the electrical state of the surface is somewhere between them.
(a) isopotential case
If the surface of the liquid remains in electrical equilibrium despite the motion
induced by the perturbation, the boundary conditions needed for the determination of
the electric field in the gas are » (b)"» at the electrode and » (a#g)"0 at the
2
0
2
interface.
Gauss law and the continuity of the tangential component of the electric field at the
interface immediately give the solution in the liquid. We obtain

A

A

BB

I (kr) K (kr)
E "0 and E "C + ln(r/a)! n
# n
g
1
2
5
C
C
6
7
with

»
C " 0 , C "a I (ka) (1!b) and C "aK (ka)(1!1/b),
6
n
7
n
5 ln(b/a)
being
K (ka) I (kb)
n
.
b" n
I (ka)K (kb)
n
n
(b) nonisopotential case
As we have mentioned above, in this case we suppose that the electrical charges,
uniformly distributed on the surface of the jet in the nonperturbed state, move by
following the fluid particles of the surface. Now the distribution of the electrical
charges on the surface of the jet is not uniform any longer.
From a physical point of view, the extremely rapid motion of the jet surface inhibits
the rearrangement of the charges at the surface motivated by the electric forces. This
assumption is equivalent to considering a problem in which the mobilities of the
charges in the bulk and the interface are null.
So in the equation of charge conservation we can disregard any contribution of the
current density in the rate of change of the surface charge density. The contribution of
the surface current density is reduced to the convection term + (q U ). However, as we
f f f
only keep the linear terms, this convection term has no contribution either. The
linearized equation can finally be written as
Lq
f#q (U · n) +n"0.
f f
Lt
The integration in time of this equation then gives the following solution
a
,
q (h, z, t)"q
f
0r
s
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where q is the surface density of the electrical charges of the nonperturbed state
0
(t"0).
The boundary conditions for the solution of Laplace equation that determines the
value of the electric field are deduced from the following considerations:
— The potential at any point of the liquid (especially for r"0) is finite.
— In the gas we have » (b)"» .
2
0
— At the interface we use the traditional results deduced from Maxwell’s equations:
continuity of tangential component of the electric field and discontinuity of the
normal component of the displacement vector.
Considering the electrical potential functions
» "A ln(r/a)#R (r) exp(i(kz#nh)#ut) with R (r)"B I (kr)#B K (kr)
i
i
i
i
i1 n
i2 n
and with the cited boundary conditions we have
E "C +
1
5

A

B

I (kr)
n
g
C
8

A

B

K (kr)
and E "!C + ln(r/a)! n
g
2
5
C
9

with

A
A

B
B

e I@ (ka)K (ka)
n
,
C "aI (ka) 1! 1 n
8
n
e I (ka)K@ (ka)
n
2 n
e K@ (ka)I (ka)
n
C "aK (ka) 2 n
!1 ,
9
n
e K (ka)I@ (ka)
n
1 n
e and e being the permittivities of the two media. In the expressions of the electric
1
2
field in the gaseous phase we assume that the product kb is large enough to consider
the quotient K (kb)/I (kb)+0, condition usually verified.
n
n
2.5.3. Pressure field
Knowing the velocity and electric fields with the equation of conservation of linear
momentum we determine the pressure in both media. The term dº /dt can be written
i
as
dU
LU
i" i#(U ° + ) U ,
i
i
dt
Lt
where
(U ° + ) U "(+]U )]U #1 + (U2 ).
i
i
i
i 2
i
In our study, the motion is irrotational and the linearized Navier—Stokes equation
then becomes
LU
i"+ ° (p I#T )
o
i Lt
i
i%-

92

G. Artana et al./Journal of Electrostatics 43 (1998) 83–100

The solution of Navier—Stokes equation in terms of pressure is
p "C I (kr) g and p "C #C
1
10 n
2
11
12

A

I (kr) K (kr)
n
# n
g
C
C
13
14

B

with
º2
(u!iº k)2
u2
0 ,
, C "!o 0 , C "!o
C "!o
11
2 2
12
2
10
1 kI@ (ka)
k
n
C "I@ (ka) (1!j) and C "K@ (ka) (1!1/j).
n
n
14
13
2.6. The dispersion equation
The dispersion equation is obtained by substitution of all terms in the momentum
conservation equation at the interface. The equation we obtain is
c
I (ak)
i~j k(1!n2!(ak)2)#o n
u2!o au2(u!ikº )2
1 I@ (ka)
2
0
a2
n
e »2
0
!
k(1#ak1)"0.
a3 ln2(b/a)

(12)

Considering a temporal analysis we can write

C

D A B

k
ºk 2
»2
u2"
s,
!c (1!n2!(ak)2)#e
(1#ak 1) ! 0
3 a2(1!s) o a
i,j
0 a ln2(b/a)
1!s
2
(13)
ºk
u" 0 ,
* 1!s

(14)

where
o I (ak)
I (ka)
K (ka)
n
n
s" 1 n
and a"
#
o I@ (ak) a
I@ (ka) (1!j) K@ (ka) (1!1/j)
n
n
2 n
and where u and u are, respectively, the real part and the imaginary part of the
3
*
growth rate u.
In the equipotential case,
I@ (ka)
K@ (ka)
n
n
1"
#
I (ka) (1!b) K (ka) (1!1/b)
n
n
and in the nonequipotential one,

A

B

K (ka) e I (ka) ~1
n
.
!2 n
K@ (ka) e I@ (ka)
n
1 n
These equations, taken in the same conditions as the ones of the articles of,
respectively, Levich [2], Taylor [10], Melcher [19], Bailey [36], or Lin and Kang
[37], give the same equation that each of these authors has found.
1"!
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3. The results
In the next section, we determine the value of the corresponding u for a given real
wave number k and a given mode number n. If u is positive, the jet is unstable and the
3
greater u is, the more unstable the jet is. On the other hand, if u is negative or null
3
3
then the jet is stable. As regards u , we will just mention that Lu /Lk is linked to the
*
*
propagation velocity of the perturbation. In order to give an idea of the variation with
ak we show some results in Section 3.1.
To better understand the physical consequences of the theoretical results we are
going to present, it is useful to consult [2, 5, 38, 39] that deal with the breakup
phenomena of high-velocity jets. In these works the authors established that the
maximum ((u ) , (k) ) of the curve u (k) is related to the mean diameter UM of the
3 .!9
.!9
3
first droplets, the angle H of the cone formed by the droplets, the intact length ¸ (the
0
length of the jet before the detachment of the first droplet) and the breakup length (the
length of the continuum jet) by

AB

2p
H
(u )
C
k
3 .!9 , ¸ "
, tan
"B
, ¸ "D .9 º
0 (u )
"
0
(k)
2
(k) º
u
.!9
.!9 0
3 .!9
r.9
where A, B, C and D are experimental constants.
In the following figures, the parameters are fixed to 75 m/s for the velocity, to
72.2 mN/m for the surface tension, to 100 lm for the radius of the jet, to 20 lm for the
radius of the electrode and to first mode n"0, except when we precisely study the
influence of one of them.
UM "A

3.1. Influence of the electrification on the stability of the jet
In Fig. 2(a), we have plotted the real part, u , of the growth rate against the product
3
ak (a being the radius of the orifice of the injector and k the wave number). In this
figure, case 1 stands for nonelectrified jet, case 2 for electrified jet with surface at
constant potential and case 3 for electrified jet with a nonequipotential surface. One
can clearly see that each curve of that figure has a maximum. The abscissa of the

Fig. 2. (a) Influence of the electrification on the real part of the growth rate; (b) Influence of the
electrification on the imaginary part of the growth rate.
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maximum is related to the wavelength of the element of Fourier’s decomposition
(k"2p/j) which, in a linear approach, is supposed to give rise to the first droplets.
Indeed, its growth rate being the greatest, this wave and those close to the maximum
will grow more quickly than the others and predominate in the breakup process.
Now, let us compare the different cases of Fig. 1. Following the above explanation,
the first droplets appear more rapidly, and are smaller in the equipotential case than
in the other two cases (which are roughly identical). Consequently, these droplets are
formed closer to the orifice of the injector in case 2 than in cases 1 and 3. The shape of
the curves also tells us that, first the distribution of the size of all the droplets contains
more droplets of small diameters in case 2 than in the two others and secondly the
angle of the cone is more open in case 2 than in cases 1 and 3. It also tells us that the
intact length and the breakup length are both shorter in case 2 than in cases 1 and 3.
In Fig. 2(b) we can see that the electrification has no significant influence on the
evolution of the imaginary part u of the growth rate. We will just point out that this
*
means that the electric field has no influence on the propagation velocity of the
perturbation on the surface of a high-velocity jet.
3.2. Influence of the mode number on the stability of the jet
Figs. 3 and 4, respectively, represent the influence of the mode in the equipotential
and nonequipotential cases. The first and second mode (n"0 and 1, respectively) are
two modes whose behaviors are more or less the same: the curves are nearly
superposed, and thus, the coordinates of the maximum of each mode are almost
identical. The case n"2 is a bit different from the latter two. The level of the rate of
growth is slightly lower in the equipotential case but quite lower in the nonequipotential case. In both electrical cases, the coordinates of the maximum are smaller for n"2
than for n"0 and 1. These results mean that as we go further and further from the
orifice of the injector, we can successively see droplets corresponding to the higher
modes. This is more pronounced in the equipotential case than in the other.
In what follows, we will say that the influence of one parameter is destabilizing
when for a fixed k or for a fixed range of k an increase in the value of the parameter

Fig. 3. Growth rate vs. ak for different mode number, equipotential case.
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Fig. 4. Growth rate vs. ak for different mode number, nonequipotential case.

Fig. 5. Growth rate vs. ak for different intensities of the electric field.

causes an increase in the value of u . The influence is destabilizing in the opposite
3
case.
3.3. Influence of the intensity of the electric field on the stability of the jet
In Fig. 5 for the equipotential case we represent the variations of the growth rate vs.
the product ak for different intensities of the electric field (from 0 to 100% of the
intensity of the corona field). One can easily notice that as the electric field increases,
the coordinates of the maximum of the corresponding curve increase too. Finally, the
conclusion could be formulated as, the higher the intensity of the electric field the
smaller the first droplets and the closer to the orifice of the injector they appear.
In order to complete this analysis we must look at the electrical term
k
»2
e
(1#ak 1)
0
a2(1!s)o a a ln2(b/a)
2
of the dispersion equation. One can easily deduce that the electrical term is positive
when (1#ak 1)(0 and negative if it is greater than 0. The consequence of this, as
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Fig. 6. Growth rate vs. ak for different values of the surface tension (mN/m).

one increases the electric field (here the electrical potential » ) for a given wavelength,
is that in the first case the solution u of the dispersion equation also increases and in
3
the second it diminishes. Thus, the electric field is respectively destabilizing and
stabilizing. In Fig. 5, we are precisely in the case (1#ak 1)(0 for the range of ak of
interest (close to the maximum).
In the nonequipotential case, the results which we do not show here, prove that it is
the other way round, the electric field is stabilizing for high-velocity jets for the range
of ak of interest, that is to say ak'1.
3.4. Influence of the surface tension on the stability of the jet
In Fig. 6 we report the results obtained in the equipotential case and for three
values of the surface tension, 72.2 mN/m (water at room temperature), 10 and
30 mN/m (possible values for diesel oil). The influence of the surface tension
is clear. The higher the surface tension, the bigger the first droplets and the further to
the orifice of the injector they appear. Let us come back to the theory. In the dispersion equation, the term in which the influence of the interfacial tension is
involved, is
k
!
c (1!n2!(ak)2).
a2(1!s)o a i,j
2
One can demonstrate that for high velocities for ak'1, u decreases with c . The
3
i,j
enhancement of the interfacial tension is then stabilizing, which is the case in Fig. 6.
The radius-size distribution is now very different from one surface tension value to
another, we will have many more small droplets with liquids whose surface tension is
close to 10 (diesel oil, for example) than with liquids like water.
3.5. Influence of the radius of the jet on the stability of the jet
If we fix the electrical field (here 12.5 MV/m) and if we make the radius vary, all the
other parameters being fixed too (except the potential which we must change as the
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Fig. 7. Growth rate vs. wave number. Influence of the radius of the jet.

radius changes in order to have the electric field constant), we obtain the results
reported in Fig. 7. The abscissa of the maxima does not change in the three cases
considered here, but the corresponding u coordinate increases with the radius.
3
Physically this means that, at constant electric field, the radius of the orifice of the
injector does not influence the size of the first droplets (nor even probably the
distribution of the sizes of all the droplets because of the similarity of the shape of the
three curves), but as the radius of the orifice of the injector increases (the one of the
electrode remaining constant) the intact length ¸ of the jet diminishes slightly. The
0
influence of the radius is thus destabilizing.
For a fixed potential, instead of a fixed electric field, the results not reported
here, show that the level of u is much higher for 50 lm than for 100 or 200 lm,
3
which means that the influence of the radius is then stabilizing. Also, those
results indicate that the k-coordinate of the maximum is higher for 50 lm than the
two others for 100 and 200 lm. Thus, at constant potential, the size distribution
of all the droplets changes, the spray will have a lot more droplets of small
radii.
3.6. Influence of the velocity on the stability of the jet
In Fig. 8 we have the results concerning the influence of the velocity for the
equipotential case. From it we can say that increasing the velocity diminishes the size
of all the droplets and gives higher growth rates. More specifically, we notice that the
first droplets are smaller and closer to the injector for high velocities than for low
velocities: when we increase the velocity we destabilize the jet and we change the
droplet-size distribution. For high velocities, the atomization starts closer to the
injector and the jet contains droplets much smaller than for small velocities.
Figs. 9 and 10 give information on the influence of the electrification on the maxima
of the curves (u , ak) for different velocities. For extremely high velocities there is
3
basically no influence of the electrification and the inertial forces are dominant. As
a result no significant change is expected in droplet diameter when electrifying an
extremely high velocity jet.

98

G. Artana et al./Journal of Electrostatics 43 (1998) 83–100

Fig. 8. Growth rate vs. ak. Influence of the jet velocity.

Fig. 9. Influence of the velocity on the maxima of the real part of the growth rate.

Fig. 10. Influence of the velocity on the maxima of ak.

4. Conclusion
We solved the dispersion equation for different values of the parameters to determine their influence on the stability of an electrified jet flowing at high velocity in
a gaseous atmosphere.
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The first important thing that we showed is that the electrification acts on the
stability of a jet in a different way depending on the electrical state of the surface of the
jet. The response is not the same whether the surface is considered equipotential or
nonequipotential.
For the equipotential situation, an increase in the velocity or in the electric field or
a decrease in the interfacial tension destabilizes the jet. This leads to more dispersed
sprays with smaller droplets when the electric field and the velocity are high and when
the interfacial tension is small. Besides as the intact and breakup lengths are smaller,
the electrified jet will disintegrate closer to the injector, i.e. in a shorter distance from
the nozzle.
For the situation of ‘‘frozen’’ charges on the jet surface, the effect of the electric field
is opposed to the equipotential case. As a result for extremely high-velocity jets when
the electrical relaxation time is much longer than the mechanical time constant, the
charges on the surface stabilize the jet.
The difference in both cases can be explained by the distribution of the surface
charge density. In the equipotential case for high-velocity jets, the surface-charge
density is higher at the points of longer radii and the electric forces promote the
enhancement of the instability. In the nonequipotential case, the redistribution of the
charge caused by the electric forces is not achieved, and the charge is concentrated at
the points with smaller radii, promoting the recuperation of the cylindrical shape that
is to say dampening the instability of the jet.
When considering experimental arrangements with finite electrode lengths, as the
jet velocities are high, the time the wave packages interacts with the electric field may
be small because of the convective character of the instability. This problem requires
a more detailed analysis and is not under the scope of this article. However, it should
be pointed out that for high-velocity jets, the maximum of the growth rate is very
important and the electric field in a very short time amplifies a wave different from the
one of the nonelectrified jet. So, in this approach, though velocities are high we expect
that the electric field will be ‘‘felt’’ by the jet and produce the cited modifications of the
breakup process.
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